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ABSTRACT

Making use of predictions is a crucial, but under-explored,
area of online algorithms. This paper studies a class of on-
line optimization problems where we have external noisy
predictions available. We propose a stochastic prediction
error model that generalizes prior models in the learning
and stochastic control communities, incorporates correlation
among prediction errors, and captures the fact that predic-
tions improve as time passes. We prove that achieving sub-
linear regret and constant competitive ratio for online algo-
rithms requires the use of an unbounded prediction window
in adversarial settings, but that under more realistic stochas-
tic prediction error models it is possible to use Averaging
Fixed Horizon Control (AFHC) to simultaneously achieve
sublinear regret and constant competitive ratio in expecta-
tion using only a constant-sized prediction window. Fur-
thermore, we show that the performance of AFHC is tightly
concentrated around its mean.

Categories and Subject Descriptors

F.2.0 [Analysis of Algorithms and Problem Complex-
ity]: General

General Terms

Algorithms, Performance, Theory

1. INTRODUCTION

Making use of predictions about the future is a crucial, but
under-explored, area of online algorithms. In this paper, we
use online convex optimization to illustrate the insights that
can be gained from incorporating a general, realistic model
of prediction noise into the analysis of online algorithms.

Online convex optimization. In an online convex op-
timization (OCO) problem, a learner interacts with an en-
vironment in a sequence of rounds. In round ¢ the learner
chooses an action z; from a convex decision/action space G,
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and then the environment reveals a convex cost function c;
and the learner pays cost c¢;(z¢). An algorithm’s goal is to
minimize total cost over a (long) horizon T

OCO has a rich theory and a wide range of important
applications. In computer science, it is most associated with
the so-called k-experts problem, an online learning problem
where in each round ¢ the algorithm chooses one of k possible
actions, viewed as following the advice of one of k “experts”.

However, OCO is being increasingly broadly applied and,
recently has become prominent in networking and cloud com-
puting applications, including the design of dynamic capac-
ity planning, load shifting and demand response for data
centers [25, 29, 30, 31, 35], geographical load balancing of
internet-scale systems [28, 42], electrical vehicle charging [16,
25], video streaming [21, 22| and thermal management of
systems-on-chip [46, 47].

In typical applications of online convex optimization in
networking and cloud computing there is an additional cost
in each round, termed a “switching cost”, that captures the
cost of changing actions during a round. Specifically, the
cost is ¢ (x)+ || z¢ —x¢—1 ||, where || - || is a norm (often the
one-norm). This additional term makes the online problem
more challenging since the optimal choice in a round then
depends on future cost functions. These “smoothed” online
convex optimization problems have received considerable at-
tention in the context of networking and cloud computing
applications, e.g., [28, 29, 30, 31, 32], and are also relevant
for many more traditional online convex optimization appli-
cations where, in reality, there is a cost associated with a
change in action, e.g., portfolio management. We focus on
smoothed online convex optimization problems.

A mismatch between theory and practice. As OCO
algorithms make their way into networking and cloud com-
puting applications, it is increasingly clear that there is a
mismatch between the pessimistic results provided by the
theoretical analysis (which is typically adversarial) and the
near-optimal performance observed in practice.

Concretely, two main performance metrics have been stud-
ied in the literature: regret, defined as the difference between
the cost of the algorithm and the cost of the offline optimal
static solution, and the competitive ratio, defined as the max-
imum ratio between the cost of the algorithm and the cost
of the offline optimal (dynamic) solution.

Within the machine learning community, regret has been
heavily studied [20, 45, 49] and there are many simple al-
gorithms that provide provably sublinear regret (also called
“no regret”). For example, online gradient descent achieves
O(VT)-regret [49], even when there are switching costs [4].
In contrast, the online algorithms community considers a
more general class of problems called “metrical task systems”
(MTS) and focuses on competitive ratio [7, 8, 29]. Most re-
sults in this literature are “negative”, e.g., when c; are ar-



bitrary, the competitive ratio grows without bound as the
number of states in the decision space grows [8]. Exceptions
to such negative results come only when structure is imposed
on either the cost functions or the decision space, e.g., when
the decision space is one-dimensional it is possible for an
online algorithm to have a constant competitive ratio, e.g.,
[29]. However, even in this simple setting no algorithms per-
forms well for both competitive ratio and regret. No online
algorithm can have sublinear regret and a constant compet-
itive ratio, even if the decision space is one-dimensional and
cost functions are linear [4].

In contrast to the pessimism of the analytic work, appli-
cations in networking and cloud computing have shown that
OCO algorithms can significantly outperform the static opti-
mum while nearly matching the performance of the dynamic
optimal, i.e., simultaneously do well for regret and the com-
petitive ratio. Examples include dynamic capacity manage-
ment of a single data center [2, 29] and geographical load
balancing across multiple data centers [28, 35, 36].

It is tempting to attribute this discrepancy to the fact that
practical workloads are not adversarial. However, a more
important factor is that, in reality, algorithms can exploit
relatively accurate predictions about the future, such as di-
urnal variations [5, 19, 31]. But a more important contrast
between the theory and application is simply that, in reality,
predictions about the future are available and accurate, and
thus play a crucial role in the algorithms.

Incorporating predictions. It is no surprise that pre-
dictions are crucial to online algorithms in practice. In OCO,
knowledge about future cost functions is valuable, even when
noisy. However, despite the importance of predictions, we do
not understand how prediction noise affects the performance
(and design) of online convex optimization algorithms.

This is not due to a lack of effort. Most papers that apply
OCO algorithms to networking and cloud computing appli-
cations study the impact of prediction noise, e.g., [1, 3, 31,
35]. Typically, these consider numerical simulations where
i.i.d. noise terms with different levels of variability are added
to the parameter being predicted, e.g., [18, 40]. While this is
a valuable first step, it does not provide any guarantees about
the performance of the algorithm with realistic prediction er-
rors (which tend to be correlated, since an overestimate in
one period is likely followed by another overestimate) and
further does not help inform the design of algorithms that
can effectively use predictions.

Though most work on predictions has been simulation
based, there has also been significant work done seeking an-
alytic guarantees. This literature can be categorized into:

(i) Worst-case models of prediction error typically assume
that there exists a lookahead window w such that within
that window, prediction is near-perfect (too optimistic),
and outside that window the workload is adversarial
(too pessimistic), e.g., [8, 29, 28, 32, 12].

(ii) Simple stochastic models of prediction error typically
consider i.i.d. errors, e.g., [10, 31, 30]. Although this is
analytically appealing, it ignores important features of
prediction errors, as described in the next section.

(iii) Detailed stochastic models of specific predictors applied
for specific signal models, such as [48, 38, 39, 23]. This
leads to less pessimistic results, but the guarantees,
and the algorithms themselves, become too fragile to
assumptions on the system evolution.

Contributions of this paper. First, we introduce a
general colored noise model for studying prediction errors in
online convex optimization problems. The model captures
three important features of real predictors: (i) it allows for
arbitrary correlations in prediction errors (e.g., both short

and long range correlations); (ii) the quality of predictions
decreases the further in the future we try to look ahead;
and (iii) predictions about the future are updated as time
passes. Further, it strikes a middle ground between the
worst-case and stochastic approaches. In particular, it does
not make any assumptions about an underlying stochastic
process or the design of the predictor. Instead, it only makes
(weak) assumptions about the stochastic form of the error
of the predictor; these assumptions are satisfied by many
common stochastic models, e.g., the prediction error of stan-
dard Weiner filters [44] and Kalman filters [24]. Importantly,
by being agnostic to the underlying stochastic process, the
model allows worst-case analysis with respect to the realiza-
tion of the underlying cost functions.

Second, using this model, we show that a simple algorithm,
Averaging Fized Horizon Control (AFHC) [28], simultane-
ously achieves sublinear regret and a constant competitive
ratio in expectation using very limited prediction, i.e., a pre-
diction window of size O(1), in nearly all situations when
it is feasible for an online algorithm to do so (Theorem 2).
Further, we show that the performance of AFHC is tightly
concentrated around its mean (Theorem 10). Thus, AFHC
extracts the asymptotically optimal value from predictions.
Additionally, our results inform the choice of the optimal
prediction window size. (For ease of presentation, both The-
orems 9 and 10 are stated and proven for the specific case of
online LASSO — see Section 2 — but the proof technique can
be generalized in a straightforward way.)

Importantly, Theorem 5 highlights that the dominant fac-
tor impacting whether the prediction window should be long
or short in AFHC is not the variance of the noise, but rather
the correlation structure of the noise. For example, if pre-
diction errors are i.i.d. then it is optimal for AFHC to look
ahead as far as possible (i.e., T)) regardless of the variance,
but if prediction errors have strong short-range dependen-
cies then the optimal prediction window is constant sized
regardless of the variance.

Previously, AFHC had only been analyzed in the adver-
sarial model [29], and our results are in stark contrast to the
pessimism of prior work. To highlight this, we prove that
in the “easiest” adversarial model (where predictions are ex-
act within the prediction window), no online algorithm can
achieve sublinear regret and a constant competitive ratio
when using a prediction window of constant size (Theorem
1). This contrast emphasizes the value of moving to a more
realistic stochastic model of prediction error.

2. ONLINE CONVEX OPTIMIZATION
WITH SWITCHING COSTS

Throughout this paper we consider online convex opti-
mization problems with switching costs, i.e., “smoothed” on-
line convex optimization (SOCO) problems.

2.1 Problem Formulation

The standard formulation of an online optimization prob-
lem with switching costs considers a convex decision/action
space G C R™ and a sequence of cost functions {c1,cs, ...},
where each ¢; : G — RT is convex. At time t, the online
algorithm first chooses an action, which is a vector z: € G,
the environment chooses a cost function ¢; from a set C, and
the algorithm pays a stage cost c:(x+) and a switching cost
Bl|lz: — x4—1]|| where 8 € (RT). Thus, the total cost of the
online algorithm is defined to be

T
COSt(ALG) = E;]) th(l’t) + BHl‘t — Jit_lﬂ 5 (1)
t=1



where x1,...,z7r are the actions chosen by the algorithm,
ALG. Without loss of generality, assume the initial action
zo = 0, the expectation is over any randomness used by the
algorithm, and || - || is a seminorm on R™.

Typically, a number of assumptions about the action space
G and the cost functions ¢; are made to allow positive results
to be derived. In particular, the action set G is often assumed
to be closed, nonempty, and bounded, where by bounded
we mean that there exists D € R such that for all z,y €
G, ||z — y|| < D. Further, the cost functions ¢; are assumed
to have a uniformly bounded subgradient, i.e., there exists
N € R" such that, for all € G, ||Ve(z)|] < N.

Since our focus in this paper is on predictions, we consider
a variation of the above with parameterized cost functions
ct(xe; yi), where the parameter y; is the focus of prediction.
Further, except when considering worst-case predictions, we
adopt a specific form of ¢; for concreteness. We focus on a
tracking problem where the online algorithm is trying to do
a “smooth” tracking of y; and pays a least square penalty
each round.

T
1
cost(ALG) = E, Z §||?Jt — Ka|3 + Bllze — ze-ali-| »

t=1

(2)
where the target y: € R™, and K € R”*" is a (known) linear
map that transforms the control variable into the space of the
tracking target. Let KT be the Moore-Penrose pseudoinverse
of K.

We focus on this form because it represents an online ver-
sion of the LASSO (Least Absolute Shrinkage and Selection
Operator) formulation, which is widely studied in a variety of
contexts, e.g., see [13, 14, 15, 41] and the references therein.
Typically in LASSO the one-norm regularizer is used to in-
duce sparsity in the solution. In our case, this corresponds
to specifying that a good solution does not change too much,
i.e., x¢r — x4—1 # 0 is infrequent. Importantly, the focus on
LASSO, i.e., the two-norm loss function and one-norm reg-
ularizer, is simply for concreteness and ease of presentation.
Our proof technique generalizes (at the expense of length
and complexity).

We assume that KT K is invertible and that the static
optimal solution to (2) is positive. Neither of these is par-
ticularly restrictive. If K has full column rank then KTK
is invertible. This is a reasonable, for example, when the
dimensionality of the action space G is small relative to the
output space. Note that typically K is designed, and so it
can be chosen to ensure these assumptions are satisfied. Ad-
ditionally if K is invertible, then it no longer appears in the
results provided.

Finally, it is important to highlight a few contrasts between
the cost function in (2) and the typical assumptions in the
online convex optimization literature. First, note that the
feasible action set G = R" is unbounded. Second, note that
gradient of ¢; can be arbitrarily large when y; and Kz, are far
apart. Thus, both of these are relaxed compared to what is
typically studied in the online convex optimization literature.
We show in Section 5 that, we can have sublinear regret even
in this relaxed setting.

2.2 Performance Metrics

The performance of online algorithms for SOCO problems
is typically evaluated via two performance metrics: regret
and the competitive ratio. Regret is the dominant choice
in the machine learning community and competitive ratio
is the dominant choice in the online algorithms community.
The key difference between these measures is whether they
compare the performance of the online algorithm to the of-

fline optimal static solution or the offline optimal dynamic
solution. Specifically, the optimal offline static solution, is'

T
STA = argmin E ce(z) + Bz, (3)
zeG

t=1
and the optimal dynamic solution is

T

argmin ZCt(aSt)-f—BH(wt —zt—1)|]- (4)

(21, 2p)eGT 145

OPT =

DEFINITION 1. The regret of an online algorithm, ALG,
is less than p(T) if the following holds:

sup  cost(ALG) — cost(STA) < p(T). (5)

(c1,ep)ecCT

DEFINITION 2. An online algorithm ALG is said to be
p(T)-competitive if the following holds:

cost(ALG)
costALG) o
(cl,”,s,t;l?)ecT COSt(OPT) = p( ) (6)

The goals are typically to find algorithms with a (small)
constant competitive ratio (“constant-competitive”) and to
find online algorithms with sublinear regret, i.e., an algo-
rithm ALG that has regret p(T') bounded above by some
p(T) € o(T); note that p(T) may be negative if the concept
we seek to learn varies dynamically. Sublinear regret is also
called “no-regret”, since the time-average loss of the online
algorithm goes to zero as T grows.

2.3 Background

To this point, there are large literatures studying both the
designs of no-regret algorithms and the design of constant-
competitive algorithms. However, in general, these results
tell a pessimistic story.

In particular, on a positive note, it is possible to design
simple, no-regret algorithms, e.g., online gradient descent
(OGD) based algorithms [49, 20] and Online Newton Step
and Follow the Approxzimate Leader algorithms [20]. (Note
that the classical setting does not consider switching costs;
however, [4] shows that similar regret bounds can be ob-
tained when switching costs are considered.)

However, when one considers the competitive ratio, results
are much less optimistic. Historically, results about compet-
itive ratio have considered weaker assumptions, i.e., the cost
functions ¢; and the action set G can be nonconvex, and the
switching cost is an arbitrary metric d(x¢, z¢—1) rather than
a seminorm ||z; — x¢—1||]- The weakened assumptions, to-
gether with the tougher offline target for comparison, leads
to the fact that most results are “negative”. For example, [8]
has shown that any deterministic algorithm must be Q(n)-
competitive given metric decision space of size n. Further-
more, [7] has shown that any randomized algorithm must be
Q(4/logn/loglogn)-competitive. To this point, positive re-
sults are only known in very special cases. For example, [29]
shows that, when G is a one dimensional normed space, there
exists a deterministic online algorithm that is 3-competitive.

Results become even more pessimistic when one asks for
algorithms that perform well for both competitive ratio and
regret. Note that performing well for both measures is par-
ticularly desirable for many networking and cloud computing

! One switching cost is incurred due to the fact that we en-
force zg = 0.



applications where it is necessary to both argue that a dy-
namic control algorithm provides benefits over a static con-
trol algorithm (sublinear regret) and is near optimal (com-
petitive ratio). However, a recent result in [4] highlights that
such as goal is impossible: even when the setting is restricted
to a one dimensional normed space with linear cost functions
no online algorithm can simultaneously achieve sublinear re-
gret and constant competitive ratio 2.

3. MODELING PREDICTION ERROR

The adversarial model underlying most prior work on on-
line convex optimization has led to results that tend to be
pessimistic; however, in reality, algorithms can often use pre-
dictions about future cost functions in order to perform well.

Knowing information about future cost functions is clearly
valuable for smoothed online convex optimization problems,
since it allows you to better justify whether it is worth it
to incur a switching cost during the current stage. Thus,
it is not surprising that predictions have proven valuable in
practice for such problems.

Given the value of predictions in practice, it is not surpris-
ing that there have been numerous attempts to incorporate
models of prediction error into the analysis of online algo-
rithms. We briefly expand upon the worst-case and stochas-
tic approaches described in the introduction to motivate our
approach, which is an integration of the two.

Worst-case models. Worst-case models of prediction er-
ror tend to assume that there exists a lookahead window, w,
such that within that window, a perfect (or near-perfect, e.g.,
error bounded by ¢) prediction is available. Then, outside of
that window the workload is adversarial. A specific exam-
ple is that, for any t the online algorithm knows v, . . ., Yt+w
precisely, while y¢4w+1, ... are adversarial.

Clearly, such models are both too optimistic about the the
predictions used and too pessimistic about what is outside
the prediction window. The result is that algorithms de-
signed using such models tend to be too trusting of short
term predictions and too wary of unknown fluctuations out-
side of the prediction window. Further, such models tend to
underestimate the value of predictions for algorithm perfor-
mance. To illustrate this, we establish the following theorem.

THEOREM 1. For any constanty > 0 and any online algo-
rithm A (deterministic or randomized) with constant looka-
head w, either the competitive ratio of the algorithm is at
least v or its regret, is Q(T). Here T is the number of cost
functions in an instance.

The above theorem focuses on the “easiest” worst-case model,
i.e., where the algorithm is allowed perfect lookahead for w
steps. Even in this case, an online algorithm must have
super-constant lookahead in order to simultaneously have
sublinear regret and a constant competitive ratio. Further,
the proof (given in Appendix A.1) highlights that this holds
even in the scalar setting with linear cost functions. Thus,
worst-case models are overly pessimistic about the value of
prediction.

Stochastic models. Stochastic models tend to come in
two forms: (i) i.i.d. models or (ii) detailed models of stochas-
tic processes and specific predictors for those processes.

In the first case, for reasons of tractability, prediction
errors are simply assumed to be i.i.d. mean zero random
variables. While such an assumption is clearly analytically

2Note that this impossibility is not the result of the regret being ad-
ditive and the competitive ratio being multiplicative, as [4] proves the
parallel result for competitive difference, which is an additive compar-
ison to the dynamic optimal.

appealing, it is also quite simplistic and ignores many im-
portant features of prediction errors. For example, in real-
ity, predictions have increasing error the further in time we
look ahead due to correlation of predictions errors in nearby
points in time. Further, predictions tend to be updated or
refined as time passes. These fundamental characteristics of
predictions cannot be captured by the i.i.d. model.

In the second case, which is common in control theory,
a specific stochastic model for the underlying process is as-
sumed and then an optimal predictor (filter) is derived. Ex-
amples here include the derivation of Weiner filters and Kala-
man filters for the prediction of wide-sense stationary pro-
cesses and linear dynamical systems respectively, see [23].
While such approaches avoid the pessimism of the worst-case
viewpoint, they instead tend to be fragile to the underlying
modeling assumptions. In particular, an online algorithm de-
signed to use a particular filter based on a particular stochas-
tic model lacks the robustness to be used in settings where
the underlying assumptions are not valid.

3.1 A General Prediction Model

A key contribution of this paper is the development of a
model for studying predictions that provides a middle ground
between the worst-case and the stochastic viewpoints. The
model we propose below seeks a middle ground by not mak-
ing any assumption on the underlying stochastic process or
the design of the predictor, but instead making assumptions
only on the form of the error of the predictor. Thus, it is
agnostic to the predictor and can be used in worst-case anal-
ysis with respect to the realization of the underlying cost
functions.

Further, the model captures three important features of
real predictors: (i) it allows for correlations in prediction
errors (both short range and long range); (ii) the quality of
predictions decreases the further in the future we try to look
ahead; and (iii) predictions about the future are refined as
time passes.

Concretely, throughout this paper we model prediction er-
ror via the following equation:

Y=y + Yy f(t—s)e(s). (7)

s=71+1

Here, y|, is the prediction of y; made at time 7 < t. Thus,
Yt — Y¢|- is the prediction error, and is specified by the sum-
mation in (7). In particular, the prediction error is modeled
as a weighted linear combination of per-step noise terms, e(s)
with weights f(t —s) for some deterministic impulse function
f. The key assumptions of the model are that e(s) are i.i.d.
with mean zero and positive definite covariance R.; and that
f satisfies f(0) = I and f(¢t) = 0 for t < 0. Note that, as
the examples below illustrate, it is common for the impulse
function to decay as f(s) ~ 1/s*. As we will see later, this
simple model is flexible enough to capture the prediction er-
ror that arise from classical filters on time series, and it can
represent all forms of stationary prediction error by using
appropriate forms of f.

Some intuition for the form of the model can be obtained
by expanding the summation in (7). In particular, note that
for 7 =t — 1 we have

Yt — Yeje—1 = [(0)e(t) = e(t), (8)

which highlights why we refer to e(t) as the per-step noise.
Further, expanding the summation further gives

Yt — Yy = F(0)e(t) + fF(De(t = 1) + ...+ f(t =7 — De(r + 1).
(9)



Note that the first term is the one-step prediction error y; —
Yee—1; the first two terms make up the two-step prediction
eITOT Yt — Y¢|t—2; and so on. This highlights that predictions
in the model have increasing noise as one looks further ahead
in time and that predictions are refined as time goes forward.

Additionally, note that the form of (9) highlights that the
impulse function f captures the degree of short-term/long-
term correlation in prediction errors. Specifically, the form of
f(t) determines how important the error ¢ steps in the past
is for the prediction. Since we assume no structural form for
f, complex correlation structures are possible.

Naturally, the form of the correlation structure plays a
crucial role in the performance results we prove. But, the
detailed structure is not important, only its effect on the
aggregate variance. Specifically, the impact of the correlation
structure on performance is captured through the following
two definitions, which play a g)rominent role in our analysis.
First, for any w > 0, let || fw||* be the two norm of prediction
error covariance over (w + 1) steps of prediction, i.e.,

[1full* = tr(E[0ywdya]) = Zf ), (10)

where 6yL = Yttw — Yrrwji—1 = >ty f(t+w—s)e(s). The
derivation of (10) is found in the proof of Theorem 5.

Second, let F'(w) be the two norm square of the projected
cumulative prediction error covariance, i.e.,

= iJEHKK*aywH? = tr(Re i(w—sﬂ)f(s)TKKTf(s)).

t=0 s=0

(11)
Note that KK is the orthogonal projector onto the range
space of K. Hence it is natural that the definitions are over
the induced norm of KK since any action chosen from the
space F' can only be mapped to the range space of K i.e. no
algorithm, online or offline, can track the portion of y that
falls in the null space of K.

Finally, unraveling the summation all the way to time zero
highlights that the process y; can be viewed as a random
deviation around the predictions made at time zero, y; :=
U+, which are specified externally to the model:

ye =G+ Y F(t—s)e(s). (12)

This highlights that an instance of the online convex opti-
mization problem can be specified via either the process y;
or via the initial predictions ¢;, and then the random noise
from the model determines the other. We discuss this more
when defining the notions of regret and competitive ratio we
study in this paper in Section 3.3.

3.2 Examples

While the form of the prediction error in the model may
seem mysterious, it is quite general, and includes many of the
traditional models as special cases. For example, to recover
the worst-case prediction model one can set, Vi, e(t) = 0 and
9y as unknown V¢ > t + w and then take the worst case
over g. Similarly, a common approach in robust control is to

I, t=0;

et 10 ={g 10
worst case over e.

Additionally, strong motivation for it can be obtained by
studying the predictors for common stochastic processes. In
particular, the form of (7) matches the prediction error of
standard Weiner filters [44] and Kalman filters [24], etc. To
highlight this, we include a few brief examples below.

le(s)| < D, Vs and then consider the

EXAMPLE 1 (WIENER FILTER). Let {y:}i—o be a wide-
sense stationary stochastic process with E[y,] = §¢, and co-
variance B[(y; —9:) (y;—9;)7] = Ry(i—j), i.e., the covariance
matriz Ry > 0 of y = [y1 y2 ...yr)" is a Toeplitz matric.
The corresponding e(s) in the Wiener filter for the process is
called the “innovation process” and can be computed via the
Wiener-Hopf technique [23]. Using the innovation process
e(s), the optimal causal linear prediction is

Yt|r —yt+2 Yt, € >H€(S)H72€(S),

s=1

and so the correlation function f(s) as defined in (7) is

f(s) = (ys, e(0)[|e(0)||* = Ry(s)R: ", (13)
which yields
1 w
| fwll® = Re;)Ry $)2 and F(w) = 8 ;}(w75+1)Ry(s)2.

EXAMPLE 2 (KALMAN FILTER). Consider a stationary
dynamical system described by the hidden state space model

zi,, = Az + But, ys = Cxi + vy

where the {us,ve,x0} are mx1,px1, and n x 1-dimensional
random variables such that
Uj

wl | Qs; Sé; 0 0
V5|, J:J = S* (Sij R(Sij 0 0
To 1 0 0 I O

The Kalman filter for this process yields the optimal causal
linear estimator yy ., = Kyt,...,y01"

K'[yT, ..., yZ17||?. When t is large and the system reaches
steady state, the optimal prediction is given in the following
recursive form [23]:

x:5+1|t = Am;\t—l + Kpe(t), yoj—1 =0, e(0) = yo,

e(t) =yt — Cx;hsflv

where K, = (APC* + BS)R.", is the Kalman gain, and
Re. = R+ CPC™ is the covariance of the innovation process
et, and P solves

P=APA" +CQC* — KpR:K}.

This yields the predictions

T

Yeir = Y _(yr,e(s)) R e(s)

s=1
= CA"™ YAPC" + BS)R; "e(s).
s=1

Thus, for stationary Kalman filter, the prediction error cor-
relation function is
f(s) = CA*~Y(APC* + BS)R_! = CA*71K,, (14)

which yields

1full® = (R
s=0

F(w) = i(w — s+ Dtr(Re(CA* 'K TKKT(CASTK)).
s=0

CAT'K)TKKYCA®™'K})) and

such that y¢» = argmin E, ||y; —



3.3 Performance Metrics

A key feature of the prediction model described above is
that it provides a general stochastic model for prediction
errors while not imposing any particular underlying stochas-
tic process or predictor. Thus, it generalizes a variety of
stochastic models while allowing worst-case analysis.

More specifically, when studying online algorithms using
the prediction model above, one could either specify the in-
stance via y; and then use the form of (7) to give random
predictions about the instance to the algorithm or, one could
specify the instance using ¢ := 3o and then let the y; be
randomly revealed using the form of (12). Note that, of the
two interpretations, the second is preferable for analysis, and
thus we state our theorems using it.

In particular, our setup can be interpreted as allowing an
adversary to specify the instance via the initial (time 0) pre-
dictions ¢, and then using the prediction error model to de-
termine the instance y:. We then take the worst-case over .
This corresponds to having an adversary with a “shaky hand”
or, alternatively, letting the adversary specify the instance
but forcing them to also provide unbiased initial predictions.

In this context, we study the following notions of (ex-
pected) regret and (expected) competitive ratio, where the
expectation is over the realization of the prediction noise e
and the measures consider the worst-case specification of the
instance 9.

DEFINITION 3. We say an online algorithm ALG, has (ex-
pected) regret at most p(T) if

sup Ee[cost(ALG) — cost(STA)] < p(T). (15)

DEFINITION 4. We say an online algorithm ALG is p(T)-
competitive (in expectation) if

ot < A7 a9

Our proofs bound the competitive ratio through an analy-
sis of the competitive difference, which is defined as follows.

DEFINITION 5. We say an online algorithm ALG has (ex-
pected) competitive difference at most p(T) if

sup Ec [cost(ALG) — cost(OPT)] < p(T). 17)

Note that these expectations are with respect to the pre-
diction noise, (e(t));=1, and so cost(OPT) is also random.
Note also that when cost(OPT) € Q(p(T)) and ALG has
competitive difference at most p(T'), then the algorithm has
a constant (bounded) competitive ratio.

4. AVERAGING FIXED HORIZON CONTROL

A wide variety of algorithms have been proposed for online
convex optimization problems. Given the focus of this paper
on predictions, the most natural choice of an algorithm to
consider is Receding Horizon Control (RHC), a.k.a., Model
Predictive Control (MPC).

There is a large literature in control theory that stud-
ies RHC/MPC algorithms, e.g., [17, 33] and the references
therein; and thus RHC is a popular choice for online opti-
mization problems when predictions are available, e.g., [6,
43, 26, 11]. However, recent results have highlighted that
while RHC can perform well for one-dimensional smoothed
online optimization problems, it does not perform well (in
the worst case) outside of the one-dimension case. Specifi-
cally, the competitive ratio of RHC with perfect lookahead w
is 14+ O(1/w) in the one-dimensional setting, but is 14 (1)

outside of this setting, i.e., the competitive ratio does not
decrease to 1 as the prediction window w increases [28].

In contrast, a promising new algorithm, Averaging Fixed
Horizon Control (AFHC) proposed by [28] in the context of
geographical load balancing maintains good performance in
high-dimensional settings, i.e., maintains a competitive ratio
of 14+ O(1/w)®. Thus, in this paper, we focus on AFHC.
Our results highlight that AFHC extracts the asymptotically
optimal value from predictions, and so validates this choice.

As the name implies, AFHC averages the choices made
by Fixed Horizon Control (FHC) algorithms. In particular,
AFHC with prediction window size (w + 1) averages the ac-
tions of (w + 1) FHC algorithms.

ALGORITHM 1  (FIXED HORIZON CONTROL). Let Qi =
{i:i=k mod (w+1)} N[-w,T] for k = 0,...,w. Then
FHC®™ (w 4 1), the kth FHC algorithm is defined in the
following manner. At timeslot T € Qi (i.e., before ¢ is re-

vealed), choose actions mgfl)ic’t fort=71,...7+w as follows:

Ift <0, ;I:nglc,t = 0. Otherwise, let xr—1 = 37;210,7717
and let (Jc%%Ct)Z:;” be the vector that solves

T+w

min Zét(xt)+ﬁ||(mt*$z71)|\

Ty Trtw =
where ¢(-) is the prediction of the future cost ci(-) for t =
Tyeooy THW.

Note that in the classical OCO with (w + 1)-lookahead set-
ting, ¢ (-) is exactly equal to the true cost ¢(-). Each FHC® (w+
1) can be seen as a length (w+1) fixed horizon control start-
ing at position k. Given (w 4+ 1) versions of FHC, AFHC is
defined as the following:

ALGORITHM 2  (AVERAGING FIXED HORIZON CONTROL).
At timeslot t € 1,...,T, AFHC(w + 1) sets

I
TAFHC,t = wrl kzzomgrl)ic,t' (18)

5. AVERAGE-CASE ANALYSIS

We first consider the average-case performance of AFHC
(in this section), and then consider distributional analysis
(in Section 6). We focus on the tracking problem in (2) for
concreteness and conciseness, though our proof techniques
generalize. Note that, unless otherwise specified, we use || -
=11 Il2

Our main result shows that AFHC can simultaneously
achieve sublinear regret and a constant competitive ratio
using only a constant-sized prediction window in nearly all
cases that it is feasible for an online algorithm to do so. This
is in stark contrast with Theorem 1 for the worst-case pre-
diction model.

THEOREM 2. Letw be a constant. AFHC(w+1) is constant-
competitive whenever infy E.[OPT] = Q(T') and has sublin-
ear regret whenever infg Ec[STA] > a1 T — o(T), for a1 =
4V + 8B?, where

_ BIK Ll full + 38% (KT K) " 1| + F(w)/2
w+1
B =Bl(K")1]]. (20)

\%

(19)

3Note that this result assumes that the action set is bounded, i.e., for
all feasible action z,y, there exists D > 0, such that ||z — y|| < D,
and that there exists eg > 0, s.t. ¢¢(0) > eg, Vt. The results we prove
in this paper make neither of these assumptions.



and ||M]||1 denotes the induced 1-norm of a matrix M

Theorem 2 imposes bounds on the expected costs of the
dynamic and static optimal in order to guarantee a constant
competitive ratio and sublinear regret. These bounds come
about as a result of the noise in predictions. In particular,
prediction noise makes it impossible for an online algorithm
to achieve sublinear expected cost, and thus makes it in-
feasible for an online algorithm to compete with dynamic
and static optimal solutions that perform too well. This is
made formal in Theorems 3 and 4, which are proven in Ap-
pendix B. Recall that R. is the covariance of an estimation
error vector, e(t).

THEOREM 3. Any online algorithm ALG that chooses x
using only (i) internal randomness independent of e(-) and
(i) predictions made up until time t, has expected cost
Ee[cost(ALG)] > a2T + o(T), where az = L||RE?[|% 1

THEOREM 4. Consider an online algorithm ALG such that
Ec[cost(ALG)] € o(T). The actions, x¢, of ALG can be
used to produce one-step predictions y,'f‘tfl, such that mean
square of the one-step prediction error is smaller than that
for yue—1, i.e., Bellye — y£|t71||2 < Eelly: — yt\t—lllza for all
but sublinearly many t.

Theorem 3 implies that it is impossible for any online al-
gorithm that uses extra information (e.g., randomness) in-
dependent of the prediction noise to be constant competi-
tive if Ec[cost(OPT)] = o(T) or to have sublinear regret if
Ec[cost(STA)] < (az —&)T + o(T), for € > 0.

Further, Theorem 4 states that if an online algorithm does
somehow obtain asymptotically smaller cost than possible
using only randomness independent of the prediction error,
then it must be using more information about future y; than
is available from the predictions. This means that the algo-
rithm can be used to build a better predictor.

Thus, the consequence of Theorems 3 and 4 is the obser-
vation that the condition in Theorem 2 for the competitive
ratio is tight and the condition in Theorem 2 for regret is
tight up to a constant factor, i.e., a1 versus az. (Attempt-
ing to prove matching bounds here is an interesting, but very
challenging, open question.)

In the remainder of the section, we outline the analysis
needed to obtain Theorem 2, which is proven by combining
Theorem 5 bounding the competitive difference of AFHC
and Theorem 9 bounding the regret of AFHC. The analy-
sis exposes the importance of the correlation in prediction
errors for tasks such as determining the optimal prediction
window size for AFHC. Specifically, the window size that
minimizes the performance bounds we derive is determined
not by the quality of predictions, but rather by how quickly
error correlates, i.e., by || fu||?.

Proof of Theorem 2

The first step in our proof of Theorem 2 is to bound the
competitive difference of AFHC. This immediately yields a
bound on the competitive ratio and, since it is additive, it
can easily be adapted to bound regret as well.

The main result in our analysis of competitive difference
is the following. This is the key both to bounding the com-
petitive ratio and regret.

THEOREM 5. The competitive difference of AFHC (w+1)
ts O(T') and bounded by:

sup Ec[cost(AFHC) — cost(OPT)] < VT (21)
g

where V is given by (19)

Theorem 5 implies that the competitive ratio of AFHC' is
bounded by a constant when cost(OPT) € Q(T).

The following corollary of Theorem 5 is obtained by min-
imizing V' with respect to w.

COROLLARY 6. For AFHC, the prediction window size
that minimizes the bound in Theorem & on competitive differ-
ence is a finite constant (independent of T) if F(T) € w(T)
and is T if there is i.i.d noise®*.

The intuition behind this result is that if the prediction
model causes noise to correlate rapidly, then a prediction for
a time step too far into the future will be so noisy that it
would be best to ignore it when choosing an action under
AFHC. However, if the prediction model is nearly indepen-
dent, then it is optimal for AFHC to look over the entire
time horizon, T', since there is little risk from aggregating
predictions. Importantly, notice that the quality (variance)
of the predictions is not determinant, only the correlation.

Theorem 5 is proven using the following lemma (proven in
the appendix) by taking expectation over noise.

LEMMA 7. The cost of AFHC(w + 1) for any realization
of y+ satisfies

cost(AFHC') — cost(OPT) <

w T4+w
1 X k 1
D IDY (ﬂnm_l =2+ D7 5l ymnim) :

k=0T1€EQy t=1

Next, we use the analysis of the competitive difference in
order to characterize the regret of AFHC. In particular, to
bound the regret we simply need a bound on the gap between
the dynamic and static optimal solutions.

LEMMA 8. The suboptimality of the offline static optimal
solution ST A can be bounded below on each sample path by

cost(STA) — cost(OPT)
2

T
S llye = 9l2 o —2BVT) | —2B*T - C
t=1

IV
N | =

T —
where § = Z150, B = 8|(K”) 11y and € = SEUGIO

Note that the bound above is in terms of ||(y: — 7)||%
which can be interpreted as a measure of the variability .
Specifically, it is the projection of the variation onto the
range space of K.

Combining Theorem 5 with Lemma 8 gives a bound on
the regret of AFHC, proven in Appendix B.

THEOREM 9. AHFC has sublinear expected regret if

T
infE. Y " ||[KK (y. — 9)||° > (8V + 16B*)T,
v t=1

where V' and B are defined in (19) and (20).
Finally, we make the observation that, for all instances of y:

T
1
cost(STA) = 3 E llyr — Kzl + Bllz(|1
t=1

(I — KKy + KKy, — Ka||?

A\
N | =
M=

-
Il
=

1
I = KK Dgel 2 + S KKy, — Kal

-
Il
-

Il
= N =
M=

> CIIEK (ye =9I

2
Hence by Theorem 9, we have the condition of the Theorem.

“Specifically f(0) = I, f(t) = OVt > 0




6. CONCENTRATION BOUNDS

The previous section shows that AFHC performs well in
expectation, but it is also important to understand the dis-
tribution of the cost under AFHC. In this section, we show
that, with a mild additional assumption on the prediction
error e(t), the event when there is a large deviation from the
expected performance bound proven in Theorem 5 decays
exponentially fast.

The intuitive idea behind the result is the observation
that the competitive difference of AFHC is a function of
the uncorrelated prediction error e(1), ..., e(T) that does not
put too much emphasis on any one of the random variables
e(t). This type of function normally has sharp concentra-
tion around its mean because the effect of each e(t) tends to
cancel out.

For simplicity of presentation, we state and prove the con-
centration result for AFHC for the one dimensional tracking
cost function

T
Z (y¢ — x¢) +ﬁ|$Ct — Tt

t=1

DN =

In this case, R. = o2, and the correlation function f : N — R

is a scalar valued function. The results can all be generalized
to the multidimensional setting.

Additionally, for simplicity of presentation, we assume (for
this section only) that {e(t)}{~; are uniformly bounded, i.e.,
Je > 0, s.t. Vi, |e(t)] < e. Note that, with additional effort,
the boundedness assumption can be relaxed to the case of
e(t) being subgaussian, i.e., Elexp(e(t)?/€?)] < 2, for some
€>0.5

To state the theorem formally, let V'T" be the upper bound
of the expected competitive difference of AFHC in (21).
Given {§;}{—1, the competitive difference of AFHC is a ran-
dom variable that is a function of the prediction error e(t).
The following theorem shows that the probability that the
cost of AFHC exceeds that of OPT by much more than the
expected value VT decays rapidly.

THEOREM 10. The probability that the competitive differ-
ence of AFHC' exceeds VT is exponentially small, i.e., for
any u > 0:

P(cost(AFHC) — cost(OPT) > VT + u)

< —u’
SXp | e
862 (’wil)or" waH2
2
—u
<2ex s
- P (a + bu)

where || fol|? = (i, [f(#)]?), the parameter X of concen-
tration

_u?
< 1662 A(2 25 F(w) + u))

<= 0f()? = 5 F(w),

t=0
and a = 8*[T/(w + 1)] max(f—szU,HQA)\F(w)), b= 16€\.

The theorem implies that the tail of the competitive dif-
ference of AFHC has a Bernstein type bound. The bound
decays much faster than the normal large deviation bounds
obtained by bounding moments, i.e., Markov Inequality or

5This involves more computation and worse constants in
the concentration bounds. Interested readers are referred
to Theorem 12 and the following remark of [9] for a way
to generalize the concentration bound for the switching cost
(Lemma 11), and Theorem 1.1 of [37] for a way to generalize
the concentration bound for prediction error (Lemma 15).

Chebyshev Inequality. This is done by more detailed analy-
sis of the structure of the competitive difference of AFHC
as a function of e = (e(1),...,e(T))T

Note that smaller values of a and b in Theorem 10 imply
a sharper tail bound. We can see that smaller ||f,|| and
smaller F'(w) implies the tail bound decays faster. Since
higher prediction error correlation implies higher ||f,|| and
F(w), Theorem 10 quantifies the intuitive idea that, the
performance of AFHC concentrates more tightly around its
mean when the prediction error is less correlated.

Proof of Theorem 10

To prove Theorem 10, we start by decomposing the bound
in Lemma 7. In particular, Lemma 7 gives

cost(AFHC) — cost(OPT) < g1 + g2 (22)
where
Z > Blaroy -2,
k: 07TEQ
represents loss due to the switching cost, and

T+w

w= Y T Y b0

k=071€Qy t=T

yt|7'71)27

represents the loss due to the prediction error.

T T
Let Vi = 38T 4 BT|f, ||, and Vo =

that VI' = Vi + Va. Then, by (22),

P(cost(AFHC) — cost(OPT) > u+ VT)
<P(g1 >u/2+ Vi or gz >u/2+ Va)
<P(g1 > u/24+ V1) +Pg2 > u/2 + Va). (23)

Thus, it suffices to prove concentration bounds for the loss
due to switching cost, g1, and the loss due to prediction er-
ror, g2, deviating from Vi and V2 respectively. This is done
in the following. The idea is to first prove that g1 and g2 are
functions of e = (e(1),...,e(T))” that are not “too sensi-
tive” to any of the elements of e, and then apply the method
of bounded difference [34] and Log-Sobolev inequality [27].
Combining (23) with Lemmas 11 and 15 below will complete
the proof of Theorem 10.

2(++1)F(w) Note

Bounding the loss due to switching cost. This section
establishes the following bound on the loss due to switching:

LEMMA 11. The loss due to switching cost has a sub-Gaussian

tail: for any u > 0,

2
P(g1 > u+ Vi) <exp <2egﬂ2u(|f|)> .
w+1 w

To prove Lemma 11, we introduce two lemmas. Firstly, we
use the first order optimality condition to bound g; above by
a linear function of e = (e(1),...,e(T))” using the following
lemma proved in the Appendix.

LEMMA 12. The loss due to switching cost can be bounded
above by

T—1

Z > Y. fr—1=s)e(s)

k: TEQ |s=1V(T—w—2)

352T

g1 <
w + 1
(25)

Let g7(e) be the second term of g;. Note that the only
randomness in the upper bound (25) comes from gj.



LEMMA 13. The expectation of gi(e) is bounded above by
T
Eegi(e) < BT wl|2-
(0 < L1l

With Lemma 13, we can reduce (24) to proving a concen-
tration bound on gj(e), since

P(g1 > u+ Vi) < P(g) — Egi(e) < u). (26)

To prove concentration of gi(e), which is a function of
a collection of independent random variables, we use the
method of bounded difference, i.e., we bound the difference of
g4 (e) where one component of e is replaced by an identically-
distributed copy. Specifically, we use the following lemma,
the one-sided version of one due to McDiarmid:

LEMMA 14  ([34], LEMMA 1.2). Let X = (X1,...,Xn)
be independent random variables and 'Y be the random vari-
able f(X1,...,Xn), where function f satisfies

|f(x) = fz3)] < e

whenever x and x}, differ in the kth coordinate.
any t > 0,

Then for

P(Y —EY >t) < exp <7’2t2 )
- 2ho1C/

PrROOF OF LEMMA 11. Lete = (e(1),...,e(T))”, and e}, =
(e(1),...,€e'(k),...,e(T))T be formed by replacing e(k) with
an independent and identically distributed copy e’(k). Then

1

926) = 1 ()| <

B3 [f(m)(ek) — ¢ (k)]

2 w
< mE/BmZ:o'f(m)' = Ck-

Hence
T 2 52 w 2
2 4e*B3°T 2 p2 T 2
= — <4 —— || fwl|”-
e v OGOl BT ey
By Lemma 14,

2
P(g1(e) — Eg} Sex r '
(91(e) —Egi(e) > u) < exp <2€252W§>02(||fw||)2>

Substituting this into (26) and (24) finishes the proof. [

Bounding the loss due to prediction error. In this section
we prove the following concentration result for the loss due
to correlated prediction error.

LEMMA 15. The loss due to prediction error has Berstein
type tail: for any u > 0,

< .
Plg2 > u+ Vo) < oxp (&u(uﬁlF(w) + u)) 7

To prove Lemma 15, we characterize g2 as a convex func-
tion of e in Lemma 16. We then show that this is a self-
bounding function. Combining convexity and self-bounding
property of g2, Lemma 17 makes use of the convex Log-
Sobolev inequality to prove concentration of go.

LEMMA 16. The expectation of g2 is Ega = V2, and g2
is a convex quadratic form of e. Specifically, there exists a
matriv A € R™™T such that go = 3||Ae||*. Furthermore,

the spectral radius of \ of AAT satisfies X < F(w).

Hence, (27) is equivalent to a concentration result of g:
P(g2 > Vo +u) = P(g2 — Eg2 > u).

The method of bounded difference used in the previous
section is not good for a quadratic function of e because the
uniform bound of |g2(e) — g2(e€},)| is too large since

1
l92(€) — g2(ex)| = 5l(e - ¢ (k)" AT A(e + €' (k)]
where the (e + €’(k)) term has T non-zero entries and a
uniform upper bound of this will be in Q(7T). Instead, we
use the fact that the quadratic form is self-bounding. Let
h(e) = g2(e) — Ega(e). Then

IVh(e)l|* = ||AT Ae|[* = (Ae)” (AAT)(Ae)
< MAe)T(Ae) = 2X\[h(e) + EVa).

We now introduce the concentration bound for a self-bounding

function of a collection of random variables. The proof uses
the convex Log-Sobolev inequality [27].

LEMMA 17. Let f : R™ — R be convex and random vari-
able X be supported on [—d/2,d/2]". If E[f(X)] =0 and f
satisfies the self-bounding property

IVAII* < af +0, (28)
for a,b > 0, then the tail of f(X) can be bounded as

P{f(X) >t} < exp (W’;at)) . (29)

Now to complete the proof of Lemma 15, apply Lemma 17
to the random variable Z = h(e) to obtain

U2
Plge —Eg2 > u} < exp (*m)

for t > 0, i.e.,

u2
o> vk <o (g5 ar )

P (852)\(wT+1F(w) n u)) '

7. CONCLUDING REMARKS

Making use of predictions about the future is a crucial, but
under-explored, area of online algorithms. In this paper, we
have introduced a general colored noise model for studying
predictions. This model captures a range of important phe-
nomena for prediction errors including, general correlation
structures, prediction noise that increases with the predic-
tion horizon, and refinement of predictions as time passes.
Further it allows for worst-case analysis of online algorithms
in the context of stochastic prediction errors.

To illustrate the insights that can be gained from incor-
porating a general model of prediction noise into online al-
gorithms, we have focused on online optimization problems
with switching costs, specifically, an online LASSO formula-
tion. Our results highlight that a simple online algorithm,
AFHC, can simultaneously achieve a constant competitive
ratio and a sublinear regret in expectation in nearly any sit-
uation where it is feasible for an online algorithm to do so.
Further, we show that the cost of AFHC is tightly concen-
trated around its mean.

We view this paper as a first step toward understanding
the role of predictions in the design of online optimization



algorithms and, more generally, the design of online algo-
rithms. In particular, while we have focused on a particular,
promising algorithm, AFHC, it is quite interesting to ask
if it is possible to design online algorithms that outperform
AFHC. We have proven that AFHC uses the asymptotically
minimal amount of predictions to achieve constant compet-
itive ratio and sublinear regret; however, the cost of other
algorithms may be lower if they can use the predictions more
efficiently.

In addition to studying the performance of algorithms other
than AFHC, it would also be interesting to generalize the
prediction model further, e.g., by considering non-stationary
processes or heterogeneous e(t).
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APPENDIX
A. PROOFS FOR SECTION 3
A.1 Proof of Theorem 1

For a contradiction, assume that there exists an algorithm
A’ that achieves constant competitive ratio and sublinear
regret with constant lookahead. We can use algorithm A’
to obtain another online algorithm .4 that achieves constant
competitive ratio and sublinear regret without lookahead.
This contradicts Theorem 4 of [4], and we get the claim.

Consider an instance {c1,cz,...,cr} without lookahead.
We simply “pad” the input with ¢ copies of the zero function
0 if A’ has a lookahead of £. That is the input to A’ is:
C1,0,...,0,62,0,...,0,63,0,...

We simulate A’ and set the tth action of A equal to the
((t—1)(£+1)-+1)th action of A’. Note that the optimal values
of the padded instance are equal to the optimal values of the
given instance. Also, by construction, cost(A) < cost(A").
Therefore, if A" achieves constant competitive ratio and sub-
linear regret then so does A, and the claim follows.

B. PROOFS FOR SECTION 5
B.1 Proof of Theorem 3

PROOF. Let (zarc,:)i=1 be the solution produced by on-
line algorithm ALG. Then

cost(ALG) >= ZHyt KCL‘ALG,tH2

t 1
T
Z (I — KKNYye| > + || KK ye — Kzargl?,

M\H

by the identity (I —KK")K = 0. Let ¢, = zarc,e—K yyi—1,
ie, & = zarc,e — K (yso — o2 f(t — s)e(s)). Since all
predictions made up until ¢ can be expressed in terms of y.)o
and e(7) for 7 < t, which are independent of e(t), and all
other information (internal randomness) available to ALG is
independent of e(t) by assumption, €, is independent of e(¢).
It follows that

Ee[cost(ALG)] > Ee[|| KKy,

T
1
) > EeveBepyjeren KK Te®)T —
t=1

- K(Ktyt\t—l +e)l?]

Ke? (30)

T
1
=3 ZEe\e@)(uRiﬂnzm + 1Eeqeyeeed )2 l5er i)

1/2
SR et
where the first equality uses the identity (I — KKT)K =0,

and the second uses the independence of ¢; and e(t). [

B.2 Proof of Theorem 4

By Theorem 3, if E[cost(ALG)] € o(T), there must be
some ¢ such that € is not independent of e(t). By expanding
the square term in (30) and noting it is nonnegative:

1/2)2

Ele(t)" Ket] < o IIR Wkt p+ *H(lEftft)l/QllKTK,F-

Each nonzero E[e(t)” K¢;] can at most make one term in
(30) zero, since there are T terms in (30) that are each lower
bounded by %HRl/QHQ, and by assumption E[cost(ALG)] is
sublinear. There can be at most a sublinear number of ¢ such
that Ele(t)T Ke;] = 0.

For every other t, we must have E[e(t)TKe] > 0. Let
I, =Ele(t)" Ke] > 0, and a; = ||(Bere! )'/?|[5 jor > 0.

Hence, at time t the algorithm can produce prediction
Yije—1 = Yeje—1 + Kei, where the coefficient w; is chosen
later. Then the one step prediction error variance:

1
Ellye — yg,_111> = Elle(t) — thKetH2

2 1
= IRl = 1+ —ar.
wi w3
Pick any w; > a¢/2l;. Then E||y; — yz‘t_IHQ < HR;MH} =

E|lye — vee—1]|°- Hence ALG can produce better one-step
prediction for all but sublinearly many ¢.

B.3 Proof of Lemma 7

To prove Lemma 7, we use the following Lemma.

LEMMA 18. The competitive difference of FHC' with fixed
(w + 1)-lookahead for any realization is given by

cost(FHC™) <cost(OPT) + > Bl|(x%_ =2 )
TEQ
T+w

+* Z Z IIKKT( (e — -

TEQk t=T1

where x} 1is the action chosen by the dynamic offline optimal.

PROOF OF LEMMA 7. Note that cost(FHC™) is convex.

The result then follows with a straightforward application
of Jensen’s inequality to Lemma 18. By the definition of
AFHC, we have the following inequality:

1 w
t(AFHC) < —— t(FHC™
cost( )_w+1kz::ocos( )

By substituting the expression for cost(FHC®) into the
equation above and simplifying, we get the desired result. []

Before we prove Lemma 18, we first introduce a new al-
gorithm we term OPEN. This algorithm runs an open
loop control over the entire time horizon, T'. Specifically, it
chooses actions z;, for t € 1,...,T, that solves the following
optimization problem:

T
o1
minz 3 (yrjo — Kze)® + (@ — z-1)]n
t=1

FHC™ can be seen as starting at x'waC’T,l, using pre-
diction y.r_1, and running OPEN from 7 to 7 + w. Then
repeating with updated prediction y.,1,,. We first prove the
following Lemma characterizing the performance of OPEN.

LEMMA 19. Competitive difference of OPEN over a time
horizon, T, is given by

T
1
cost(OPEN) — cost(OPT) Z 5“3},5 - yt”?{}(f

PRrROOF. Recall that the specific OCO we are studying is

L
m;n;§||yt

— K| + B[zt — ze-1)|h (31)



where z; € R", y, € R™, K € R™*" and the switching cost,
B eR,.

We first derive the dual of (31) by linearizing the /; norm
which leads to the following equivalent expression of the ob-
jective above:

1 T
rgglggl\yt

s.tt. 2zt > Tt — Ty—1,2t > Ty—1 — Tt, Vit

— Kl‘t|‘2 +B]1th

Hence the Lagrangian is

ZHyt

<51 — (At + Xy, 2e)-

where we take Ar11 =0 and g = 0.

Let A\¢ = Ay — A, and w¢ = A¢ + A,. Dual feasibility re-
quires wy < B1,Vt, which implies —f1 < Ay < S1,Vt. Dual
feasibility also requires (81 — wy, z¢) = 0, Vt.

Now by defining s; = A+ —A+4+1 and equating the derivative
with respect to x: to zero, the primal and dual optimal z7, s}
must satisfy KT Kz} = KTy, — s}.

Note by premultiplying the equation above by zj T we
have (z},s;) = (Kz},y:) — ||[Kz;||*. If instead we premul-
tiply the same equation by (KT)!, we have after some sim-
plification that Kz} = (KK")y; — (K7)'s;. We can now
simplify the expression for the optimal value of the objective
by using the above two equations:

L(z, z; A A) Kmt\\er(;\tht,xtfxt,l)

T

1 * * *
cost(OPT) Z§||yt—KItH2+<xt,st)
1 1
=3 Sluil? = I Ky — () s3] (32)
t=1

Observe that (32) implies s; minimizes the following ex-
pression 3., ||[KK Ty, — (K¥)"s}||> over the constraint set
S = {stlst = A — Xq1,—BL < A < Blforl <t <
T, )\T+1 == 0}

cost(OPEN) — cost(OPT) = p(Z;y) — p(z;y)

=p(&;9) — p(x;9) +p(2;y) — p(Z; Gt)
T
1oy 1, o 1 , 1 o
= - — 2K _ - K
;ZIQHytH S I = Sllyell” + S 1K ]

1 . 1, .
+ 5 llye = Kaell* = S llge — Kaell?

Expanding the quadratic terms, using the property of the
pseudo-inverse that KTK KT = K, and using the fact that
Kz = KKy, — (KT)s;, we have

cost(OPEN) — cost(OPT)
T
1
=2 (I Kty = (KT 512 = (K Ky = (KT)T50)|12)

%(Hyt — il = 11 = KK - 0l ?)

1. 1 .
<7 5l —wll” = S0 = KED @ = vl

LA
= ZgHKKT(iIt — o)l

where the first inequality is because of the characterization
of s; following (32). [

PROOF OF LEMMA 18. The proof is a straightforward ap-
plication of Lemma 19. Summing the cost of OPEN for all
7 € Qi and noting that the switching cost term satisfying
the triangle inequality gives us the desired result. [

B.4 Proof of Theorem 5

We first define the sub-optimality of the open loop algo-
rithm over expectation of the noise. E[||(y: — ¥¢)||% k1] is the

expectation of the projection of the prediction error t + 1
time steps away onto the range space of K, given by:

t
E(ll(ye — g0)ll5 o] = EIl D KKT(f(t = s)e(s))]]?

s=1

t t
“E[S " e(s) St - s)T(KKDT (KK [(t — s2)e(s2)]

s1=1s2=1

=tr( z thfsl

s1=1s9=1

(KK (KKT)f(t = s2)Ele(s2)e(s1)"])

t—1
=Y (f(s)"(KKT)f(s)Re),

s=0

where the last line is because E[e(s1)e(s2)”] = 0 for all
51 # s2, and KKK = K. Note that this implies || fi—1]|*> =
Zi;é tr(f(s)T f(s)Re). We now write the expected subopti-
mality of the open loop algorithm as

T

E[cost(OPEN) — cost(OPT)] < Z E[Hyt gt”?q(f]
=12
= % i i KKTf(S)Re)
s=0 t=s
1Tl
=5 2 (T = )tr(f(s) KK f(s)Re) = F(T ~ 1)
s=0

where the first equality is by rearranging the summation.

Now we take expectation of the expression we have in
Lemma 7. Taking expectation of the second penalty term
(prediction error term), we have:

T+w

w+1z > ZE*H (KK (ye — yepr—1)|I?

k=071€Qy t=7
T
PPN W) = s
w+1 k 07TeQy w+1)

We now need to bound the first penalty term (switching
cost term). By taking the subgradient with respect to x: and
by optimality we have Vt =1,...,T

0€ K"(Kxj —ye) + B0||(xr — i_1)||l1 + BO||(xF41 — )|
=7 € [(KTK) " (K" y: —281), (K" K) ™ (K" y: + 281)]

where the implication is because the sub-gradient of a 1-norm
function || - ||1 is between —1 to 1.

Similarly, since 3:( ) 1 is the last action taken over a FHC
horizon, we have that for all 7 € Qy,

S'k)l € [(KTK)_l(KTyT—I\T—w—Q - 5]1)7
(KTK)il(KTnyl\wa72 +5]1)]



Taking expectation of one of the switching cost term and
upper bounding with triangle inequality:

E||r1 - =),
SKTRElyr—1 = yrajr—2-wll1 + 361l (KTK) 1]l
<Kl full + 361 (KT B) 1)) (33)

where the first inequality is by the definition of induced
norm, the second inequality is due to concavity of the square-
root function and Jensen’s inequality. Summing (33) over k
and 7, we have the expectation of the switching cost term.
Adding the expectation of both penalty terms (loss due to
prediction error and loss due to switching cost) together, we
get the desired result.

B.5 Proof of Lemma 8
We first characterize cost(ST A):

T

1
cost(STA) = min — Z lye — Kz|3 + 8172
v 23

By first order conditions, we have the optimal static solu-
tionz = KTg— % (KTK)™'1. Substituting this to cost(STA)
and simplifying, we have:

1y Ty 112 T —\1(2
=52 (I = KKl 3+ | KK (e = 9)II3)

t=1
B21T(KTK)~11
2T

cost(STA)
+B1T KTy

21T (KT K)~ 11
2T

Let C = . Subtracting cost(OPT) in (32)
from the above, we have cost(STA) — cost(OPT') equals:

T
1
SO UIKE (g = 9)l13 = IKK el 3 + || KKy — (KT)1s7113)

2 t=1
+p1TKig—C

T
:% > (IKK e —9) = (KT)s71B) + (KT5,81 = A1) - €

Mﬂ

1 *
>3 (KK - 9) — (KD)s;)13) - ©
t=1

The first equality is by expanding the square terms and
noting sy = A\t — A¢+1. The last inequality is because —f1 <
At < 81 and B1T KTj being positive by assumption that the
optimal static solution is positive. Now we bound the first
term of the inequality above:

T
S (KK w9 - (T)s713)

[\

Y%
N =
M I

-
Il
=

T
(IIKKT (e — D)l ) D> (KK (ye — ), (KT)Tsp)
t=1

(KK e = )I1?) - 26’3 I (e — DI )
t=1

-
Il
—

[\
N |
M=

>

N | —
WE

T
(||KKT(yt - g)||2) - ZBJ Ty (KK (ye — 9)lI?

1 t=1

where B = B||(KT)1|2.
By subtracting C' from the expression above and complet-
ing the sqaure, we have the desired result.

-
Il

B.6 Proof of Theorem 9

Using the results of Lemma 8, taking expectation and ap-
plying Jensen’s inequality, we have:

Ec [cost(STA) — cost(OPT)]

T

>Ee[= ZHKK*(yry)H2 2BJTZIIKKT)(yty)ll2 ]

t=1

2

T
23 (J Ee Y (IKK (e = )2) - 2Bﬁ> - 2B°T - C.

t=1
Hence by Theorem 5, the regret of AFHC' is

sup (Ee¢[cost(AF HC)—cost(OPT) + cost(OPT)—cost(ST A)])
g

2

T
1
gVT+232T+C2ir5f<\J]EeZ|( - DI ot — QBﬁ).
t=1

Let S(T) = E. Zle llye — Jl|% x+- By the above, to prove
AF HC has sublinear regret, it is sufficient that

VT +2B°T — % inf(V/S(T) —2BVT)? <o(T)  (34)
for some sublinear g(7). By the hypothesis of Theorem 9,
we have inf; S(T) > (84 + 16 B*)T.
Then, S(T) > (V2VT +4B2T + 2B+/T)?, and (34) holds
since VI'+2B*T — Linf;(\/S(T)—2BVT)> < VT +2B°T —
1 (W)Q =0.

C. PROOFS FOR SECTION 6

C.1 Proof of Lemma 12
By the triangle inequality, we have

szxrl—l’ 1l

k 07€EQ

1 w
Sw +1 kz:: Z 5(“:71 —Yr—1| + [Yr—1 = Yr—1|r—w—2

0TENy,

k
+‘y7 1|r—w— 27x() )

By first order optimality condition, we have 27 _; € {y,—1—

2ﬂ7 yT—1+2/8}7 and xs—li)l S {yT71|7'7w72_/87 y‘r71|7'7w72+/8}'
Hence, by the prediction model,

T—1

> fr—=1—s)e(s)

s=1V(T—w—2)

362T
g1§w 1 w—&—lZZ

k=0T€Q

C.2 Proof of Lemma 13
Note that by Lemma 12, we have

w—‘,—lZ Z

k=071€Qy

T—1

> f(r—1—=s)e(s)

s=1V(r—w—2)

Eg1(e) <

| A

BT
—||fwll*.
w41

TE=PIP IO WACE
k=071€Q s=0

where the second inequality is by Jensen’s inequality and
taking expectation.



C.3 Proof of Lemma 16

By definition of g2 and unraveling the prediction model,
we have

T+w
2
> > 5= i)
w+ 1 k=0T€Qy t=T
1 w 7—+w
e PIPD Z*(th*ses
k=0T€EQ) t=T
Writing it in matrix form, it is not hard to see that
1 1 2
g2 = —= D 5llAkell’,
w1 k=0 2

where Ay has the block diagonal structure given by
Ap = diag(Ag, A%, ..., AL, 47),° (35)

and there are the types of submatrices in Ay given by, for
i=1,2,3

7(0) 0 .0

B 2 I 1) N

A= : : - : ’
Fo) fii) .. £(0)

where v = k—2if k > 2 and v1 = k + w — 1 otherwise.
va =w, v3 = (T —k+1) mod (w+ 1). Note that in fact,

the matrix A} is the same for all k. Hence, we have
Ly 1 = 1 2

— AL A =—||A

5¢ (5 11;:0 K Ax)e = S| Aell,

g2 =

where we define A to be such that A" A = =5 ST AT Ay,

this can be done because the right-hand side is positive semidef-
inite, since Ay is lower triangular. The last equality is be-

cause all A? has the same structure. Let A be the maximum
eigenvalue of AAT, which can be expressed by

A= max 2L AAT g
|lz||=1

1 w T 1 w
= —— max 2T A AT < —— Ak,
w+1|\z\\:1kz::0 k w+1kz::0

where )y is the maximum eigenvalue of A, AY. Note that

Ay has a block diagonal structure, hence A;A¥ also has
block diagonal structure, and if we divide the vector x =
(z1,22,...,Tm) into sub-vectors of appropriate dimension,

then by the block diagonal nature of Az A¥, we have
2T A AT 2 ::L‘{A,lﬂA}CTxl + ngiAiTxg +...
+ x%,lAiAisz,1 + m?nAiAszm.

Hence, if we denote the maximum eigenvalues of i as the

. . e iaiT
maximum eigenvalue of the matrix A} A}~ , then we have

T AL AT ¢
k
/\k:max#
z zlx
T A1 A1 T 2 42T T 23 437
— mex xi AL AL 11 +x2A Al T+ T AYAY T
L1, Tm xl 1+ ...+ xmxm
< max(AL, A2, A3) - (zT 21 + ...+ 2l om)
max
T X1, Tm wlTxl +...+zlzm

< max(Ag, A7, AR),

5The submatrix Ai is repeated {ij’f+1J times in Ay, for k > 2,

and {Tﬁkﬂ”J times for otherwise.
w+1

where AL is the maximum eigenvalue of Af for i € {1,2,3}.

As AEA};T are all positive semidefinite, we can bound the
maximum eigenvalue by trace, and note that A} and A3 are
submatrix of A?, we have

A < max(AL A, AD) < 0r(47A2T) = — F(w).

C.4 Proof of Lemma 17

To prove the lemma, we use the following variant of Log-
Sobolev inequality

LEMMA 20 (THEOREM 3.2, [27]). Let f : R — R be
convez, and random variable X be supported on [—d/2,d/2]",
then

Elexp(f (X)) f(X)] — E[exp(f (X))] log E[exp(f (X))]

< Elexp(FCOIIT A2,

We will use Lemma 20 to prove Lemma 17. Denote the
moment generating function of f(X) by

m(0) = Ee?f ) 6> 0.

The function 8f : R™ — R is convex, and therefore it follows
from Lemma 20 that

E [eefef] ~E [e‘)f] InE [eef] <%E [eefuewﬂ :
Om'(6) — m(6) nm(6) < 6 *EL |V 1|
By to the self-bounding property (28),
om’ (6) — m(0) Inm(h) < %HQdQE[eef ) (af(X) +b)]
- %92(12 [am’ (6) + bm(8)] .
Since m(6) > 0, dividing by 6*m(6) gives

d 1 ad® bd’
—Ef(X

. 1 ad?
lim (5 - 7) Inm(8) = 0,

0—0+

Since m(0) = 1 and m’(0) ) = 0, we have

and therefore integrating both sides of (36) from 0 to s gives

1 ad2 1 2
J < =
( > lnm(s) bd S,

S

(37)

for s > 0. We can bound the tail probability P{f > ¢} with
the control (37) over the moment generating function m(s).
In particular,

PLI(X) > 1} = P{e/@ > et) < e R [/ )]
exp[—st + Inm(s)]
bd?s* }

IA

st —— >

for s € [0,2/(ad?)]. Choose s = t/(bd* + ad?t/2) to get

P{f(X) >t} <exp (W:at)) .



